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ABSTRACT: A novel approach for the multidimensional scaling of large
combinatorial libraries is presented. The method employs a multilayer
perceptron, which is trained to predict the coordinates of the products on the
nonlinear map from pertinent features of their respective building blocks. This
method limits the expensive enumeration and descriptor generation to only a
small fraction of products and, in addition, relieves the enormous computational
effort required for the low-dimensional embedding by conventional iterative
multidimensional scaling algorithms. In effect, the method provides an explicit
mapping function from reagents to products, and allows the vast majority of
compounds to be projected without constructing their connection tables. The
advantages of this approach are demonstrated using two combinatorial libraries
based on the reductive amination and Ugi reactions, and three descriptor sets
that are commonly used in similarity searching, diversity profiling and
structure–activity correlation. © 2001 John Wiley & Sons, Inc. J Comput
Chem 22: 1712–1722, 2001
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Introduction

T his work describes the use of machine learn-
ing techniques for the effective representation

and visualization of data related to combinatorial li-
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braries. More specifically, we address the problem
of extracting low-dimensional representations of
virtual libraries that preserve some predetermined
notion of molecular similarity defined over the ab-
stract entities.1 This problem is generally known
as multidimensional scaling (MDS)2, 3 or nonlin-
ear mapping (NLM),4 and has two primary appli-
cations: (1) reducing the dimensionality of high-
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dimensional data in a way that preserves the origi-
nal relationships of the data objects, and (2) produc-
ing Cartesian coordinate vectors from data supplied
directly in the form of proximities, so that they can
be analyzed with conventional statistical and data
mining techniques. Despite nearly 50 years of in-
tensive research and countless applications in many
disciplines of science,5 MDS remains a formidable
problem that is considered intractable for large data
sets.

Given a set of k objects, a symmetric matrix, dij,
of dissimilarities between these objects, and a set of
images on a m-dimensional display plane {yi, i =
1, 2, . . . , k; yi ∈ �m}, the problem is to place yi onto
the plane in such a way that their Euclidean dis-
tances δij = ‖yi − yj‖ approximate as closely as
possible the corresponding values dij. Although an
exact projection is only possible when the metric
matrix is positive semidefinite, meaningful projec-
tions can be obtained even when this criterion is not
satisfied. The quality of the projection is determined
using a loss function such as Kruskal’s stress:

S =
√√√√

∑
i<j(δij − dij)2

∑
i<j δ

2
ij

(1)

which is numerically minimized to find the optimal
configuration. The actual embedding is carried out
in an iterative fashion by: (1) generating an initial
set of coordinates yi, (2) computing the distances
δij, (3) finding a new set of coordinates yi using a
steepest descent algorithm such as Kruskal’s linear
regression or Guttman’s rank-image permutation,
and (4) repeating steps 2 and 3 until the change
in the stress function falls below some predefined
threshold. A particularly popular implementation
is Sammon’s nonlinear mapping algorithm.4 This
method uses a modified stress function:

E =
√√√√

∑k
i<j [dij − δij]2/dij∑k

i<j dij

(2)

which is minimized using steepest descent. The ini-
tial coordinates, yi, are determined at random or by
some other projection technique such as linear MDS
or PCA (when applicable), and are updated using
eq. (3):

ypq(m + 1) = ypq(m) − λ�pq(m) (3)

where m is the iteration number and λ is the learning
rate parameter, and

�pq(m) = ∂E(m)/∂ypq(m)
|∂2E(m)/∂ypq(m)2| (4)

There is a wide variety of MDS algorithms in-
volving different loss functions and optimization
heuristics, ranging from iterative majorization to
Newton–Raphson minimization, Tabu search, simu-
lated annealing, and genetic algorithms. A thorough
review can be found in ref. 5.

Unfortunately, the quadratic nature of the stress
function [eqs. (1) and (2), and their variants] make
these algorithms impractical for large data sets con-
taining more than a few thousand items. Several at-
tempts have been devised to reduce the complexity
of the task. Chang and Lee6 proposed a heuristic re-
laxation approach in which a subject of the original
objects (the frame) are scaled using a Sammon-like
methodology, and the remaining objects are then
added to the map by adjusting their distances to
the objects in the frame. An alternative approach
proposed by Pykett7 is to partition the data into
a set of disjoint clusters, and map only the cluster
prototypes, i.e., the centroids of the pattern vec-
tors in each class. In the resulting two-dimensional
plots, the cluster prototypes are represented as cir-
cles whose radii are proportional to the spread in
their respective classes. Lee8 proposed a triangula-
tion method that restricts attention to only a subset
of the distances between the data samples. This
method positions each point on the plane in a way
that preserves its distances from the two nearest
neighbors already mapped. An arbitrarily selected
reference point may also be used to ensure that the
resulting map is globally ordered. Biswas, Jain, and
Dubes9 later proposed a hybrid approach that com-
bined the ability of Sammon’s algorithm to preserve
global information with the efficiency of Lee’s trian-
gulation method. Although the triangulation can be
computed quickly compared to conventional MDS
methods, it tries to preserve only a small fraction
of distances, and the projection may be difficult to
interpret for large data sets.

Recently, we presented an alternative algorithm
that combines conventional nonlinear mapping
techniques with feed-forward neural networks, and
allows the processing of very large data sets that are
intractable with conventional methodologies.10 The
method employs a conventional nonlinear mapping
algorithm to project a small random sample, and
then “learns” the underlying nonlinear transform
using a multilayer perceptron trained with the back-
propagation algorithm. Once trained, the neural
network can be used in a feed-forward manner to
project the remaining members of the population
as well as new, unseen samples with minimal dis-
tortion. The distinct advantage of this approach is
that it captures the nonlinear mapping relationship

JOURNAL OF COMPUTATIONAL CHEMISTRY 1713



AGRAFIOTIS AND LOBANOV

in an explicit function, and allows the scaling of ad-
ditional patterns as they become available, without
the need to reconstruct the entire map. The basic
algorithm was subsequently elaborated,11 and gen-
eralized to handle complex distance functions and
input data supplied in nonvectorial form.12 Our
method differs substantially from that of Mao and
Jain,13 who proposed a similar neural network ar-
chitecture trained with a special back-propagation
rule that relies on errors that are functions of the
interpattern distances. However, because only a sin-
gle distance is examined during each iteration, these
networks require a very large number of iterations
and converge extremely slowly.

The development of our neural network ap-
proach was triggered by our need to effectively
analyze and visualize large data sets derived from
combinatorial chemistry14 and high-throughput
screening.15 Combinatorial chemistry is becoming
an integral part of modern drug discovery and in-
volves data sets of staggering size.16 – 18 Although
MDS and NLM have found numerous applications
in the chemical sciences,19 – 22 their use in combina-
torial chemistry has been limited to the analysis and
selection of building blocks.23 – 26 Besides our own
work,27 – 29 the only attempt to scale the actual prod-
ucts of a combinatorial library was recently reported
by Clark,30 who essentially used Pykett’s approach
of cluster sampling7 coupled with a modified dis-
tance function that focused attention on short-range
interactions, and ignored distances beyond some
predetermined horizon. In our own experience, as
with Lee’s triangulation approach,8 any gains in
the reproduction of local relationships occur at the
expense of global structure. More importantly, the
method requires a potentially expensive preprocess-
ing step (clustering or k-dissimilarity selection),
does not provide individual detail, and requires
recursive application of MDS if the analyst is inter-
ested in any particular region of the feature space.

The present work describes a variant of our
original algorithm that is specifically tailored to
combinatorial libraries. As it was originally imple-
mented, our method required each compound to be
presented to the neural network using a set of de-
scriptors or latent variables that were closely related
to the similarity measure used to construct the non-
linear map. Thus, even though the networks were
able to project more than 10,000 objects/CPU/s on
a modern Intel processor, computing the input pa-
rameters required enumeration of the products (i.e.,
construction of their connection table) and calcu-
lation of their pertinent molecular features. For all
but the simplest cases, the latter required a much

more substantial computational effort, effectively
limiting the throughput of the entire process to a
few hundred compounds/CPU/s. Recently, how-
ever, we presented evidence that this approach may
be wasteful and unnecessary.31 Indeed, we found
that most of the descriptors that are commonly used
in library design can be predicted accurately from
the properties of their respective building blocks, in-
cluding nondecomposable descriptors that cannot
be computed by simple addition of fragment con-
tributions. This observation led us to believe that it
might be possible to circumvent the generation of
product descriptors altogether, and predict the co-
ordinates of the compounds on the nonlinear map
directly from reagent data. In the remaining sec-
tions we present the algorithmic details of this gen-
eral scheme and demonstrate its wide applicability
across several molecular architectures, descriptor
sets, and similarity functions.

Methods

COMBINATORIAL NETWORKS

Combinatorial neural networks (CNNs) are mul-
tilayer perceptrons (MLPs) trained to reproduce
properties of combinatorial products from pertinent
features (descriptors) of their respective building
blocks (Fig. 1). In general, CNNs are comprised
of an input layer containing r × n neurons, where
r is the number of variation sites in the combi-
natorial library and n is the number of reagent
descriptors, one or more hidden layers containing
from 2 to 15 units, depending on the complexity
of the transformation, and an output layer hav-
ing a single neuron for each product feature pre-
dicted by the neural network (Fig. 1).31 In the case
at hand, the output features represent the coor-
dinates of the compounds on the nonlinear map.

FIGURE 1. Multiple-input single-output (MISO)
combinatorial neural network architecture.
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Thus, each training sample consists of two sets of
parameters: one or more descriptors for each of
the building blocks, and one or more coordinates
for the respective product. The reagent descriptors
are concatenated into a single array, and are pre-
sented to the network in the same order ( f11, f12,
. . . , f1n, f21, f22, . . . , f2n, . . . , fr1, fr2, . . . frn, where fij is the
jth descriptor of the reagent at the ith variation
site).

Our analysis was based on three-layer, fully con-
nected MLPs, trained with the standard error back-
propagation algorithm.32 The logistic transfer func-
tion f (x) = 1/(1 + e−x) was used for both hidden
and output layers. Each network was trained for
a fixed number of epochs or until a predefined er-
ror threshold was met, using a linearly decreasing
learning rate from 1.0 to 0.01 and a momentum of
0.8. During each epoch, the training patterns were
presented to the network in a randomized order. Ini-
tially, the training was constantly monitored with
a separate validation set, but no signs of overfit-
ting were observed for any of the training sets and
network parameters used in our study. Thus, this
validation methodology was abandoned, and the
performance of each neural network was evaluated
after the system was trained, using a separate test
set. A similar resistance to overfitting was also ob-
served in the original nonlinear mapping networks
described in refs. 10 – 12.

The training set is determined using probability
sampling. The method is based on the recognition
that nonlinear maps derived from small stochastic
samples of a large population are virtually indis-
tinguishable from those derived from the entire
population, and that the nonlinear transform can
be easily encoded in the synaptic parameters of a
neural network.10 Thus, our method consists of the
following steps: first, a set of descriptors are com-
puted for each of the reagents that make up the
virtual library. These descriptors may be physical,
chemical, and/or biological properties computed
from the molecular structure, or latent parameters
obtained indirectly through statistical methods such
as PCA, MDS, NLM, etc. A random sample of
products from the virtual library is then identified,
and multidimensionally scaled with a conventional
MDS or NLM methodology using the descriptors
and/or similarity measure of choice. In the present
work, the embedding was carried using a fast vari-
ant of Sammon’s4 nonlinear mapping algorithm
developed in our group. The resulting coordinates
are used as input to a combinatorial network, which
is trained to predict the position of compounds on
the nonlinear map from the parameters of their re-

spective reagents. Once trained, the neural network
can be used in a feed-forward manner to project
the remaining members of the virtual library or any
subset thereof. In the original, product-based imple-
mentation of this idea, we demonstrated that simple
threee-layered networks with modest complexity
can lead to nonlinear maps that have very similar
characteristics to those derived by scaling the entire
data set with a conventional approach. More impor-
tantly, we found that for moderately large data sets
(∼105 items), a training set of the order of 1–3% was
sufficient to capture the mapping, and that the com-
position of the training set had very little influence
on the quality of the projection as long as it was ran-
domly chosen. For all three descriptor sets used in
this study (see below), the reagent parameters that
were used as input to the CNNs were the principal
components that were required to capture 99% of
the total variance in the reagent data.

In summary, the training part of the algorithm
involves the following steps:

1. Compute the descriptors of choice for each
reagent in the combinatorial library { fijk, i =
1, 2, . . . , r; j = 1, 2, . . . , ri; k = 1, 2, . . . , n},
where r is the number of variation sites in the
library, ri is the number of building blocks at
the ith variation site, and n is the number of
descriptors used to characterize each reagent.

2. Extract a random subset of products {pi, i =
1, 2, . . . , k; pi ∈ P} from the combinatorial li-
brary P.

3. Map the patterns pi onto �m using a conven-
tional nonlinear mapping algorithm (pi → yi,
i = 1, 2, . . . , k; yi ∈ �m) using the descriptors
and/or similarity function of choice. These de-
scriptors need not be the same as those used to
characterize the reagents in step 1.

4. For each training product pi identified in
step 2, identify the corresponding reagents
{tij, j = 1, 2, . . . , r}, and concatenate their
descriptors f1ti1 , f2ti2 , . . . , frtir into a single vec-
tor, xi. Denote T = {(xi, yi), i = 1, 2, . . . , k} as
the training set.

5. Train a neural network, net, to recognize the
mapping xi → yi using the input/output pairs
in the training set T. Export the network net
and its associated parameters.

Once the network is trained, the remaining prod-
ucts are mapped using the following procedure:
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1. For each product p, identify the corresponding
reagents {tj, j = 1, 2, . . . , r}, and concatenate
their descriptors computed in training step 1,
f1t1 , f2t2 , . . . , frtr , into a single vector, x.

2. Map x → y, x ∈ �rn, y ∈ �m using the neural
network net derived during training step 5.
Store the coordinates y.

SOFTWARE

All computations, including virtual library gen-
eration, descriptor calculation, and network train-
ing, were carried out using proprietary software
written in the C++ programming language and
based on 3-Dimensional Pharmaceuticals’ Mt++
class library.33 These programs are part of the
DirectedDiversity�34 software suite, and were de-
signed to run on all POSIX-compliant Unix and
Windows platforms. Parallel execution on systems
with multiple CPUs is supported through the mul-
tithreading classes of Mt++. The calculations were
performed on a Dell Inspiron 7500 laptop computer
equipped with a 733 MHz Intel Pentium III proces-
sor running Windows 2000 Professional.

Data Sets

The algorithm was tested on two combinator-
ial libraries that we use routinely for evaluating
new library design methodologies. The first is a
two-component library based on the reductive ami-
nation reaction (Fig. 2). A set of 300 primary amines
and 300 aldehydes were selected from the Available
Chemicals Directory,35 and were used to generate a
virtual library of 90,000 products using the library
enumeration classes of DirectedDiversity�. These
classes take as input lists of reagents supplied in SD
or SMILES format, and a reaction scheme written in
a proprietary language36 that is based on SMARTS
and an extension of the scripting language Tcl.37 All
chemically feasible transformations are supported,
including multiple reactive functionalities, differ-
ent stoichiometries, cleavage of protecting groups,
stereo-specificity, and many others. The computa-
tional and storage requirements of the algorithm are
minimal (even a billion-membered library can be

FIGURE 2. Reaction scheme for the reductive
amination library.

generated in a few seconds on a personal computer)
and scale linearly with the number of reagents.

Each of the 600 reagents and 90,000 products
was described by three sets of descriptors: (1) Kier–
Hall topological indices (KH), (2) Ghose–Crippen
atom types (GC), and (3) ISIS keys (IK). The first is
a collection of 117 molecular connectivity indices,
kappa shape indices, subgraph counts, informa-
tion-theoretic indices, Bonchev–Trinajstić indices,
and topological state indices.38, 39 These descriptors
have a long, successful history in structure–activity
correlation, can be computed directly from the con-
nection table, and are consistent with the medi-
cinal chemists’ perception of molecular similar-
ity. Moreover, they have been shown to exhibit
proper “neighborhood behavior,”40 and are thus
well suited for diversity analysis and similarity
searching.41, 42 The Ghose–Crippen descriptors rep-
resent an extended set of atom types used by the
ALOGP method for the prediction of hydrophobic
properties of small organic compounds.43 This set is
comprised of 142 descriptors, which represent the
counts of the respective atom types in the target
molecule. Finally, the ISIS keys are 166-dimensional
binary vectors, where each bit encodes the presence
or absence of a particular structural feature in the
molecule. The bit assignment is based on the frag-
ment dictionary used in the ISIS chemical database
management system, and is often referred to as the
ISIS public keys.

To eliminate redundancy in the data, the Kier–
Hall (KH) and Ghose–Crippen (GC) descriptors
were independently normalized and decorrelated
using principal component analysis (PCA). This
process resulted in an orthogonal set of 23 and 47 la-
tent variables, which accounted for 99% of the total
variance in the respective data, and formed the basis
of the similarity calculations used to construct the
nonlinear maps. The same procedure was applied
separately to the reagents, resulting in 24 and 45 PCs
for the KH and GC descriptors, respectively. To sim-
plify the input to the neural networks, decorrelation
was also applied to the ISIS keys, resulting in 66 and
70 PCs for the reagents and products, respectively.

For the KH and GC descriptors, molecular dis-
similarity was defined as the Euclidean distance in
the decorrelated descriptor space. For the ISIS keys,
dissimilarity was assessed using the Tanimoto dis-
tance:

S = 1 − T (5)

where T is the Tanimoto coefficient:

T = |AND(x, y)|
|IOR(x, y)| (6)
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FIGURE 3. Reaction scheme for the Ugi library.

where x and y represent two binary encoded mole-
cules, AND is the bitwise “and” operation (a bit in
the result is set if both of the corresponding bits in
the two operands are set), and IOR is the bitwise “in-
clusive or” operation (a bit in the result is set if the
either of corresponding bits in the two operands are
set).

The same type of approach was also used to
characterize a second, four-component combinato-
rial library based on the Ugi reaction (Fig. 3). This
library was constructed by combining 30 acids, 30
amines, 10 aldehydes, and 10 isonitriles, to yield
90,000 products. As with the previous example,
reagents and products were described using the KH,
GC, and IK descriptors, which were subsequently
decorrelated to a 99% variance cutoff using PCA.
This process resulted in 23 KH, 41 GC, and 50 IK
components for the reagents, and 21 KH, 39 GC,
and 71 IK components for the products, respectively.
The results of PCA for the two combinatorial li-
braries are summarized in Table I. The size of the
two collections was intentionally restricted to en-
able a direct comparison with the steepest descent
nonlinear mapping algorithm.

Results and Discussion

Six factors affecting the quality of the nonlin-
ear maps produced by CNNs were examined in
this study: (1) network topology and training pa-
rameters, (2) sample size, (3) sample composition,
(4) structure representation, (5) input and output di-
mensionality, and (6) combinatorial complexity. To

TABLE I.
Number of Principal Components Required to
Capture 99% of the Total Variance in the Kier–Hall
(KH), Ghose–Crippen (GC), and ISIS Key (IK)
Descriptors for the Reductive Amination and Ugi
Libraries and Their Respective Building Blocks.

Amination Ugi

KH GC IK KH GC IK

Reagents 24 45 66 23 41 50
Products 23 47 70 21 39 71

get a better appreciation of the relative error in-
troduced by CNN, the projections were compared
to those derived by direct NLM and PCA, as well
as those derived from our two original, product-
based neural net architectures described in refs. 10
and 11. Unlike CNNs, these networks take as input
product rather than reagent descriptors, and require
enumeration as a preprocessing step. The two ar-
chitectures differ in the number of networks used
to perform the projection: the first (referred to as
NN) employs a single perceptron trained over the
entire input–output domain,10 whereas the second
(referred to as TNN) uses a tandem architecture in-
volving an initial projection by a global positioning
network, followed by a more accurate projection
by a specialized network trained over a local do-
main of the feature space.11 In effect, this method
partitions the data space into a set of Voronoi poly-
hedra, and uses a separate local network to project
the patterns in each partition. The global positioning
network performs a preliminary mapping to deter-
mine which polyhedron a particular pattern falls
into, and forwards the sample to the respective local
network, which performs the final projection.

The impact of molecular representation was
assessed using three different chemical metrics:
(1) Euclidean distances based on Kier–Hall PCs,
(2) Euclidean distances based on Ghose–Crippen
PCs, and (3) Tanimoto distances based on ISIS keys.
In the latter case, the input to the neural networks
consisted of the reagent (CNN) or product (NN
and TNN) PCs that accounted for 99% of the to-
tal variance in the respective binary matrices. To
increase the separability of the input patterns, the
reagent and product descriptors were normalized
and decorrelated independently. These descriptor
sets encode different aspects of chemical structure
and, as a result, lead to qualitatively different es-
timates of molecular similarity, as manifested by
the 2D nonlinear maps of the reductive amina-
tion library shown in Figures 9a, 10a, and 11a. In
our experience, the Kier–Hall descriptors lead to
representations that are more consistent with the
chemists’ perception of chemical distance, because
they encode global molecular properties such as
size, molecular weight, degree of branching, ring
character, heteroatom content, etc. GC descriptors,
on the other hand, are local in nature, and the
general structure of the nonlinear map is often de-
termined by relatively minor structural differences.
A good example is the map of the amination library
shown in Figure10a, whose dominant characteristic
(the presence of two well-separated clusters) is de-
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FIGURE 4. Stress of the 2D nonlinear maps of the
reductive amination library produced by CNNs using the
Kier–Hall (KH), Ghose–Crippen (GC), and ISIS keys (IK)
descriptors as a function of the number of compounds
used as a training set. All CNNs had 10 hidden neurons
and were trained for 500 epochs.

termined by whether the central amine is aromatic
or aliphatic.

Our initial studies aimed at establishing an ap-
propriate sample size, topology, and training para-
meters for the systems under investigation. Figure 4
shows the dependency of the stress on the num-
ber of compounds comprising the training set for
a 2D projection of the amination library, using a
CNN with 10 hidden units trained for 500 epochs.
These results are consistent with our previous find-
ings, which suggested that, for a library of this size,
a sample of 1–3% is sufficient to capture the essen-
tial details of the nonlinear map. Indeed, while there
is some modest improvement in stress going from
1000 to 3000 samples (0.006, 0.008, and 0.006 for the
KH, GC, and IK descriptors, respectively), the gain
is diminished as additional patterns are inserted
into the training set, regardless of the chemical space

FIGURE 5. Stress of the 2D nonlinear maps of the
reductive amination library produced by CNNs using the
Kier–Hall (KH), Ghose–Crippen (GC), and ISIS keys (IK)
descriptors as a function of the number of hidden
neurons. All CNNs were trained for 500 epochs using
3000 randomly chosen compounds as a training set.

FIGURE 6. Stress of the 2D nonlinear maps of the
reductive amination library produced by CNNs using the
Kier–Hall (KH), Ghose–Crippen (GC), and ISIS keys (IK)
descriptors as a function of the number of training
epochs. All CNNs had 10 hidden neurons, and were
trained for 500 epochs using 3000 randomly chosen
compounds as a training set.

being modeled. We thus concluded that a sample of
3000 compounds represented the best compromise
between accuracy and performance, and we used
that number for all subsequent calculations.

Also consistent with our past experience is the
observation that CNNs do not require an excessive
number of hidden units to achieve the desired re-
sults. As illustrated in Figure 5, 10 hidden neurons
were sufficient to encode the nonlinear mapping,
and any further increase resulted in negligible gains
at the expense of performance (e.g., increasing the
number of hidden units from 10 to 20 decreased the
stress by only 0.001, 0.005, and 0.003 for KH, GC,
and IK descriptors, respectively, but increased the
processing time by a factor of 2 for both training
and prediction). The system proved extremely resis-
tant to overfitting, and backpropagation converged
reliably within a few hundred epochs (Fig. 6), thus
obviating the need for a more robust and potentially
expensive procedure for determining the stopping
criteria. Interestingly enough, these results were
consistent across the descriptor sets, even though
the networks differed substantially in the number
of free parameters (the KH, GC, and IK CNNs had
48, 90, and 132 input neurons, respectively).

To establish the true generalization capabilities
of combinatorial networks and to ensure that the
results do not reflect the idiosyncrasies of the in-
dividual training sets, 10 different random subsets
of 3000 compounds were extracted from the virtual
library, and were independently mapped in two di-
mensions by NLM using each of the three chemical
metrics and the first two principal components as a
starting configuration. Each of these sets was used
to train a series of network models based on the
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FIGURE 7. Stress of the 2D nonlinear maps of the
reductive amination library produced by conventional
neural networks (NN), tandem neural networks (TNN),
and combinatorial neural networks (CNN) using the
Kier–Hall (KH), Ghose–Crippen, (GC) and ISIS keys (IK)
descriptors. The columns and their respective error bars
represent the average and standard deviation of the
stress obtained by each architecture using 10 different
random samples of 3000 compounds. All networks had
10 hidden neurons, and were trained for 500 epochs.

NN, TNN, and CNN architectures. Once trained,
the models were used to project the entire collection
of 90,000 products, and the stress of the resulting
maps was computed. The results are summarized in
Figure 7. Each column refers to a particular model,
and represents the mean and standard deviation of
the stress of the entire virtual library, computed over
all 10 trials (training sets). The CNN maps had an
average stress of 0.208 ± 0.003, 0.306 ± 0.002, and
0.318 ± 0.001 for the KH, GC, and IK descriptors, re-

FIGURE 8. Stress of the 4D, 7D, and 6D nonlinear
maps of the reductive amination library produced by
conventional neural networks (NN), tandem neural
networks (TNN), and combinatorial neural networks
(CNN) using the Kier–Hall (KH), Ghose–Crippen (GC),
and ISIS keys (IK) descriptors, respectively. The columns
and their respective error bars represent the average
and standard deviation of the stress obtained by each
architecture using 10 different random samples of 3000
compounds. All networks had 10 hidden neurons, and
were trained for 500 epochs.

FIGURE 9. 2D nonlinear map for the reductive
amination library obtained by (a) NLM, and (b) CNN
using the Kier–Hall descriptors. The CNN map was
obtained using a network with 10 hidden neurons
trained for 500 epochs using a random sample of 3000
compounds.

spectively, suggesting that the predictive ability of
CNNs does not show any significant dependence
on the composition of the training set, as long as it
is randomly chosen and therefore representative of
the population from which it is drawn.

In all three cases, CNNs produced maps that
were comparable to those derived by the product-
based networks (Figs. 9, 10, and 11), with the aver-
age relative error being limited to 0.008 (KH), 0.011
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FIGURE 10. 2D nonlinear map for the reductive
amination library obtained by (a) NLM, and (b) CNN
using the Ghose–Crippen descriptors. The CNN map
was obtained using a network with 10 hidden neurons
trained for 500 epochs using a random sample of 3000
compounds.

(GC), and 0.007 (IK) stress units relative to TNN,
and 0.000 (KH), 0.003 (GC), and 0.004 (IK) relative
to NN, respectively. Given the fact that the current
CNN implementation involves a single mapping
device, it is almost certain that this error could
be further reduced with the introduction of local
learning. Even though CNNs are substantially more
flexible than the product-based NNs (they essen-
tially have r times as many inputs, where r is the

FIGURE 11. 2D nonlinear map for the reductive
amination library obtained by (a) NLM, and (b) CNN
using the ISIS keys descriptors. The CNN map was
obtained using a network with 10 hidden neurons
trained for 500 epochs using a random sample of 3000
compounds.

number of variation sites), these results are still im-
pressive, given the fact that the connection between
input and output data is less direct.

The preceding discussion focused exclusively on
2D projections. Although visualization is one of the
main applications of MDS, the method can also be
used for embedding objects into higher dimensions
to simplify their analysis by established statistical
methods. Martin et al., for example, has often used
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FIGURE 12. Stress of the 2D nonlinear maps of the
Ugi library produced by conventional neural networks
(NN), tandem neural networks (TNN), and combinatorial
neural networks (CNN) using the Kier–Hall (KH),
Ghose–Crippen (GC), and ISIS keys (IK) descriptors.
The columns and their respective error bars represent
the average and standard deviation of the stress
obtained by each architecture using 10 different random
samples of 3000 compounds. All networks had 10
hidden neurons and were trained for 500 epochs.

this technique to convert binary molecular finger-
prints into Cartesian vectors so that they could be
used for reagent selection using D-optimal experi-
mental design23 – 25 determine whether our method
is effective in higher dimensions, we nonlinearly
mapped the KH, GC, and IK descriptors onto 4, 7,
and 6 dimensions, respectively, which was the num-
ber required to reproduce the respective pairwise
distances to within 0.1 stress units (roughly equiv-
alent to an average error of ∼10%). The results are
summarized in Figure 8. Again, the three algorithms
produced comparable maps, with CNN being mar-
ginally better for the KH and GC descriptors, and
marginally worse for the ISIS keys. The standard de-
viation was limited to 0.001, 0.0004, and 0.0005 for
KH, GC, and IK, respectively, indicating a similar
lack of dependence on the choice of the training set.

Finally, to determine whether the method works
with different types of functional groups and more
complex combinatorial libraries, the algorithm was
tested on a four-component library based on the Ugi
reaction. A 90,000-member library was enumerated
and subjected to the same type of analysis followed
in the previous example. As with the amination li-
brary, we found 3000 training samples, 10 hidden
units, and 500 epochs to be sufficient for reproduc-
ing the nonlinear map within 0.01 stress units in
two or more dimensions (in this case, 5, 10, and
7 dimensions were required to reproduce the KH,
GC, and IK distances to within 0.1 units of stress).
The results in Figure 12 (2D) and Figure 13 (5D,
10D, and 7D) reveal identical trends to those estab-
lished for the amination library, and show compara-

FIGURE 13. Stress of the 5D, 10D, and 7D nonlinear
maps of the Ugi library produced by conventional neural
networks (NN), tandem neural networks (TNN), and
combinatorial neural networks (CNN) using the Kier–Hall
(KH), Ghose–Crippen (GC), and ISIS keys (IK)
descriptors, respectively. The columns and their
respective error bars represent the average and
standard deviation of the stress obtained by each
architecture using 10 different random samples of 3000
compounds. All networks had 10 hidden neurons and
were trained for 500 epochs.

ble performance for the reagent and product-based
approaches, with no significant sensitivity to the
choice of the training set.

Conclusions

This work described an efficient solution to
a long-standing problem in computational data
analysis known as multidimensional scaling, as it
applies to combinatorial libraries. We have shown
that by combining machine learning techniques
with probability sampling, it is possible to multidi-
mensionally scale large combinatorial libraries that
are intractable with conventional techniques. What
makes this approach particularly appealing is the
fact that the coordinates of the compounds on the
nonlinear map can be inferred from the properties
of their building blocks, effectively eliminating the
need to enumerate and describe every individual
product in the virtual library. This method is fast
and broadly applicable, and can be used to analyze
libraries of any origin, molecular architecture, and
combinatorial complexity.
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