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On the Use of Information Theory for Assessing Molecular Diversity
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In a recent article published Molecules Lin presented a novel approach for assessing molecular diversity
based on Shannon'’s information theory. In this method, a set of compounds is viewed as a static collection

of microstates which can register information about their environment at some predetermined capacity.
Diversity is directly related to the information conveyed by the population, as quantified by Shannon’s
classical entropy equation. Despite its intellectual appeal, this method is characterized by a strong tendency
to oversample remote areas of the feature space and produce unbalanced designs. This paper demonstrates
this limitation with some simple examples and provides a rationale for the failure of the method to produce
results that are consistent with other traditional methodologies.

INTRODUCTION m

. . . =1 5
In a recent article published iMolecules' Lin proposed Py ©)

a new method for assessing molecular diversity based on

the principles of information theory, as it was first formalized In this case, the maximum entropy of eq 1 is given by eq 6
by Shannori. In Lin’s method, a collection of compounds

is viewed as a static molecular assemblage or collection of Sha{mn) =ninm (6)
microstates which can register information about their _ _ _

environment at some predetermined capacity. Molecular AS evident from eq 6, the information content of the
diversity is directly related to the information content of the collection increases as the number of species that are

collection, |, as given by eq 1 represented by that population increases. The difficulty with
this approach stems from the fact that in a typical application
| =Sa— S (1) mis usually unknown. In this case, each member of the

population can be treated as a unique, distinguishable species,
and the entropy of the system can be related to the
distinguishabilityof these species, rather than their similarity

to somea priori known set of prototypes. Under this

n formalism, eq 4 is replaced by eq 7

S=-— P In P (2) nn
B Sn,n) = _Z p; In py (7
wheren is the total number of microstates in the system, =

andp; is the probability or frequency of thigh microstate, subject to the usual constraint
subject to the constraint:

In this equationSis the “entropy” of the system given by
the von NeumannShannon expression

n

ipi =1 3

and Syax becomes

P =1 (8)

The central concept in Lin’s approach is that each compound S, =ninn 9)
collection represents a finite number of distinguishable &
molecular species. In this case, the entropy of the systemis | eq 7, the values of thp;'s can be computed directly
given by eq 4 from a molecular similarity table. Several methods for
guantifying molecular similarity have appeared in the
Lo literature3* most of which assign scores in the interval [0,
Sm,n) = _lepij In p; (4) 1]. The method proposed by Lin involves computing the
== similarity table, pj, using any established method, and
applying a normalization factor to derive the actual prob-

where m is the number of species) is the number of abilities. This factor is given by eq 10

individuals in the population, ang; is the probability of

finding the ith individual in thejth species. Again, the 1
probabilitiesp; must satisfy the constraint c= (20)
n
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32 true regardless of the functional form used to derive the
similarities. For all practical purposes, this result is suspi-
cious.

Let us take this argument a step further. Figure 2 shows
the entropy of the same three-point set shown in Figure 1 as
a function of the position of one of these points relative to
the other two. The two extremes represent the cases where
the third point coincides with one of the two reference points
(Figure 1b), while the middle represents the situation depicted
Thus, according to Lin, as the probability values draw closer, in Figure 1a. This profile is based on the reciprocal function
the species become more indistinguishable, the entropy ofshown in eq 13, but similar results are obtained with eq 12
the system increases, and the information (and thereforeas well. As we can see, the entropy function is at a

a
Figure 1.

and the actual probabilities by eq 11

Py = Cpj (1)

diversity) registered by the population decreases.

DISCUSSION

While the use of information theory to quantify molecular
diversity has certain intellectual appeal, the actual imple-
mentation has some important limitations. We will first
demonstrate these limitations using some simple example

theory. We must point out that the following discussion is
based on Lin’s definitions of entropy and “information”;

unless noted otherwise. As we argue toward the end of this

paper, it is the exact mathematical definition of these

concepts that is responsible for the failures described below.

Consider the following example. Figure 1 shows two
different sets of three imaginary compounds plotted against
a uniform property scale (in Figure 1b, points 2 and 3
coincide). As usual, the distance between two poitsis
taken as a direct measure of their similaripy,. Two
different popular methods are used to perform this transfor-
mation

(12)

and

Pi =1 ad; (13)

wherea is a constant (in this case 1.0). Using eq 7, we can
compute the following “entropies” for each of these methods

and each of the sets (the reader can easily confirm thes
results)

S =2.313

and

S, =1.386

using the linear form (eq 12) and

S =3.194

and

S, =3.149

using the reciprocal form (eq 13), whea@ndb refer to the

€

maximum (and therefore the diversity at a minimum) when
the third point is located halfway between the two reference
points and monotonically decreases as the point moves away
from the center in either direction. This is, again, in sharp
contrast to any intuitive interpretation and raises concerns
regarding the properties of this metric and its implications
in the study of molecular diversity.

S : o o
) . . The final part of our analysis illustrates the results of Lin’s
and then discuss the reasons in the context of the underlying, b y

pproach when applied to a classical problem in combina-
torial library desigrf. The problem can be stated as
follows: given am-membered virtual library and a number

k, find thek most diverse compounds in that population. We
recently presented a general solution to this problem based
on a novel distance-based diversity metric and a stochastic
search engine such as simulated annealing or evolutionary
programmind:’ The power of this method stems from its
generality,i.e., that fact that the selection can be carried out
based on any desirable selection criterion. In the problem
at hand, the selection criterion was to minimize the entropy
of the system as measured by eq 7, subject to the constraint
that the number of compounds in the final solution should
be exactlyk. The data set used in the experiment consisted
of two- and three-dimensional random vectors, uniformly
distributed in the unit square (cube). This property space is
densely populated, does not exhibit any significant clustering,
and is designed to reveal the structure of the “true” minimum.
Euclidean distances were converted to similarities using eq
13. For clarity, our selection was limited to 25 compounds
and was performed using simulated annealing. In particular,
the simulation was carried out in 30 temperature cycles, using
1000 sampling steps per cycle, a Gaussian cooling schedule,
and the Metropolis acceptance criteriop £ e 2FKeT),
Transitions represented single-point mutations in the com-
position of the current set. Boltzmann’s constdfy, was
adjusted in an adaptive manner, by constantly updating the
mean transition energy during the course of the simulation
and continuously adjusting the value &% so that the
acceptance probability for a mean uphill transition at the final
temperature was 1%. Details of this algorithm can be found
elsewheré:’

For comparison, Figures-35 show the results of three
different methods for maximizing diversity. The first is
based on the metric described in 1 and 2 (Figure 3), the
second on the popular maximin method (Figure 4), and the
third on the Lin metric, as implemented in the manner
described above (Figure 5). The results are striking. In sharp
contrast to the other two methods, Lin’s metric does exactly
the opposite of what it was designed to do! The points are

sets on the left- and right-hand side of Figure 1, respectively. divided equally among two very tight clusters located at
According to this and eq 1, one would conclude that the maximal separation along the diagonal. As illustrated in
diversity of seta is lower than that of sdb and that this is Figure 6, this is also true for the three-dimensional case, and,
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Figure 3. 2D selection based on Agrafiotis’ diversity metric and
selection algorithm.
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Figure 4. 2D selection based on the maximim algorithm.

Figure 5. 2D selection based on Lin's diversity metric and
Agrafiotis’ selection algorithm.

remote areas of the feature space and does an extremely poor
job in sampling that property space in an unbiased and
uniform way.

The reasons for this behavior can be traced back to eqs 1
and 2, and the definitions of entropy and information. As
Lin correctly acknowleges in his paper, the pursuit of
molecular diversity aims at maximizing our knowledge or
information about the system under investigation. Clearly,
we are interested in compound collections that remdere
information about the underlying system or process)esx
However, there are many different types of information, and
the precise meaning depends on the context in which the
term is used. In Shannon’s thedrinformation is used to
measure the uncertainty associated with an event that is
transmitted across a communication channel. The channel
consists of a source that generates signals from some
predefined set of possible signals and a receiver that receives

in fact, it is the same kind of behavior depicted in Figure 1. these signals with some degree of uncertainty that depends
Experiments with different sample sizes and density distribu- on the characteristics of the source and the communication
tions confirm these findings and indicate that this metric has line. Shannon’s own words are as follows: “The funda-
a strong and general tendency for clustering the samples inmental problem in communication is that of reproducing at
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Communications engineers are more interested icdipac-

ity to store information and have come to associate the term
information with potential message variety, freedom of
choice, and a large vocabulary. Gaflim her book on
biological information theory, calls this type of information
“potential information” to distinguish it from “stored infor-
mation”, or the “what we do say” in Weaver's statement.
Since it varies directly with entropy, high entropy leads to
high potential information.

But there are some mathematical errors as well. For
example, to satisfy the normality condition in eq 7, the
summation in eq 8 (eq 16 in Lin’s original paper) should be
over bothi andj (the reader may consult any book on
information theory). This improper normalization may have
serious numerical consequences. Moreover, the coefficient
“c”in eq 10 (eq 30 in the original paper) should be index-
dependent. As pointed out by Maggidrmjnt probabilities
are not necessarily symmetric, while most similarity indices
are. Equation 11 violates this, implying that similarity and
probability are both symmetric and are linearly related by a
single scalar parameter, which is simply not true.

Would correcting these errors and reversing the sign of
entropy lead to the “correct” (i.e., desired) response? The
Figure 6. 3D selection based on Lin’s diversity metric and answer is no, and the reason can be found again in eqs 7, 10
Agrafiotis’ selection algorithm (dots: uniform data set; spheres: and 11. Entropy is maximized when the probability values
selected points). become identical, and this occurs when all the compounds

in the collection become equidistant. This is rarely the case

one point either exactly or approximately a message selected,\q occurs only for points located at the comers of a triangle,
at another point. Frequently, the messages have meaningigtrahedron, or a higher order simplex. Actually, this is

that is, they refer to or are correlated according t0 SOme 4 qiher interesting consequence of this approach, that is, the
system with certain physical or conceptual entities. These t5.t that based on indistinguishability alone, one cannot
semantic aspects are irrelevant to the engineering problemigiinguish between two different, say, tetrahedra since the
The significant aspect is that the actual message is On€gjyersity (entropy) is the same regardless of the size of the
selected from a set of possible messages.”. tetrahedron. If one is interested in a uniform sampling of
Consider, for example, a device (source) that can produceine property space, one needs to consider only the immediate
three possible symbols, A, B, or C. As we wait at thé pejghborhoods of each compound. This is exactly what
receiving end, we are uncertain as to which symbol will - yy55imim and our own algorithm does, and this is why they
appear next. Once the signal is received, our uncertainty produce results that are consistent with our expectations and
decreases, and we remark that we have gained som@nyition. Although one may argue that some of the
information. Thus, information (also referred to as “infor- properties of Lin’s metric could be useful in a different
mation content” or “information uncertainty”) corresponds ontextl® it is clear that it cannot produce the kinds of

to a decrease inncertainty Shannon’s entropy equation niform distributions that one typically requires in diversity
measures this uncertainty and represents the aveuagesal designs.

for an infinite string of events produced by the source.

h . 1h h ¢ molecul One final remark: Lin’s concepts of indistinguishability
The extension of these concepts to the study of molecular ;4 entropy bear a striking resemblance to similar concepts

systems is straightforward. Indeed, every collection of \,seq in fuzzy clusteringt Indeed, if one considers each
compounds can be viewed as a string of independent eventsnemper of the collection as a singleton cluster, the prob-
produced by an imaginary source (selection process) andypjities in eq 7 become fuzzy cluster membership values,

rerllated t(,) each other by virtue OL a sngllanty MEC.  and the entropy expression is identical to the fuzzy entropy
Shannon’s entropy expression can be used to measure ougy e system. In the context of this discussion, a critical

ability to predict the events (i.e., the structures of the .,mparison of two different clustering methodologies (fdzzy
compounds) that are generated by that source. Clearly, ifgng possibilistit214) would be most constructive.
we know that the collection contains very similar compounds,

we can predict the overall structure of each compound with
sufficient accuracy once we have seen the first few. If, on
the other hand, the collection contains diverse compounds, This paper describes our experience with the use of a new
the element of surprise increases, and our ability to predict approach for assessing molecular diversity based on the
their structures diminishes. Thus, increase in diversity results theory of information. As we demonstrate with some simple
in anincreasein entropy, not a decrease as Lin suggests. examples, this method has a strong tendency to oversample
So what is the type of information that one seeks to remote areas of the feature space and produce unbalanced
maximize in a diversity design? Weavetaims that “...the designs. We believe that this is due to the use of a certain
word ‘information’ in communication theory relates not so type of information whose mathematical definition is inap-
much to what you do say, but to what you could say”. propriate for the study of molecular diversity.

CONCLUSIONS
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