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Despite their growing popularity among neural network practitioners, ensemble methods have not been
widely adopted in structureactivity and structureproperty correlation. Neural networks are inherently
unstable, in that small changes in the training set and/or training parameters can lead to large changes in
their generalization performance. Recent research has shown that by capitalizing on the diversity of the
individual models, ensemble techniques can minimize uncertainty and produce more stable and accurate
predictors. In this work, we present a critical assessment of the most common ensemble technique known
as bootstrap aggregation, or bagging, as applied to QSAR and QSPR. Although aggregation does offer
definitive advantages, we demonstrate that bagging may not be the best possible choice and that simpler
techniques such as retraining with the full sample can often produce superior results. These findings are
rationalized using Krogh and Vedelsby’s decomposition of the generalization error into a term that measures
the average generalization performance of the individual networks and a term that measures the diversity
among them. For networks that are designed to resist over-fitting, the benefits of aggregation are clear but
not overwhelming.

[. INTRODUCTION this instability is rarely addressed in the QSAR literature.
Indeed, it is still not uncommon for studies based on a single
validation set to make their way into respectable journals,
even though it is well-known that the underlying predictor-
(s) may perform well on a particular test set and abysmally
on anotherN-fold cross-validation is a much better choice,
but it too can fall prey to the random number generator. A
much better approach would be to run a sufficiently large
number ofn-fold cross-validation runs (typically 50 or 100)
and report the distribution of the resulting generalization
statistics (minimally, the mean and standard deviation). This
is particularly important in comparative studies where the
"differences in the generalization performance of the under-
lying predictors are relatively small. Still, these types of

Artificial neural networks are rapidly becoming the method
of choice for structureactivity and structureproperty
correlationt~** Neural networks are model-free mapping
devices that are capable of capturing complex nonlinear
relationships in the underlying data that are often missed by
conventional QSAR approaches such as multilinear regres-
sion? and partial least squarés.Just like many other
techniques of this kind, these systems work by correlating
some experimentally determined measure of biological
activity with a set of physicochemical, structural, and/or
electronic parameters (descriptors) of the compounds unde
investigation. Their use involves a training phase in which

the model parameters are determined from a set of tralnlngproceolures can only provide a better estimate of the true

data, an optional but highly recommended validation phase e ; -
in which the generalization ability of the model is established, iggenerahzaﬂon error of the model but do nothing to improve

and a prediction phase in which the biological properties of
novel compounds are computed using the optimized model.
Since it is not possible to know a priori which molecular
properties are most relevant to the problem at hand, neural
networks are often used in conjunction with optimization
techniques for feature selection, ranging from simple greedy
approaches such as forward selection or backward elimina-
tion,!* to more elaborate methodologies such as automatic
relevance determinatiofi simulated annealintf,evolution-

Recent research has shown that the accuracy of unstable
methods can be significantly improved through aggregation.
The idea is to construct multiple instances of a predictor by
perturbing the training set or the construction method and
combine them into a single model using voting (classifica-
tion) or averaging (regression). Although the idea has been
around for a long time (its origins in the neural network
literature can be traced back to 1995it has not received
much attention until recently, largely because it requires

i 7 i i —21 _ A . X 1 N
ary tlprogr;{:fl_mﬂ:lndt, g(lenetlc a:gr%g;?m’é; 6:.”?’ mostmrg significant computational resources, especially when applied
cently, artificial ant colony Syste and particle swarms. to learners such as neural networks. In more formal terms,

However, neural networks are known to be unstable, in |et x pe a training pattern in a training s&t= {(x;, yi)
the sense that minor changes in the training data and/orj — 1 N}, generated according to
training parameters can have serious consequences in the
generalization ability of the resulting models. Regretfully, y = f(X) + €(x) @

* Corresponding author phone: (610)458-6045; fax: (610)458-8249; wherey is the observed response Valt(_el) is the output of
e-mail: dimitris@3dp.com. the physical system, andXx) is noise with zero mean. The
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regression task is to approximate the functipe). Let ¢(x) output the correct predictions. More specifically, the method
denote such an approximation. Aggregation attempts to attempts to minimize the function
improve this approximation by generating multiple versions

of the predictorgy(x), and combining their outputs in some N B (T-T)
prescribed way, typically by averaging Z[yi - Zlcbd’b ()] €)
i= b=
B
PpadX) = E Bu(X) ) where qbg_T‘)(xi) represents the leave-one-out cross-vali-
ba B b; b dated fit for¢gy(x) evaluated ax = x;. This process produces

estimates for the coefficienfs,&,, ..., G, which are used to

where ¢nadX) is the aggregated predictor, arlis the  construct the ensemble prediction
cardinality of the ensemble. Note that in the following
discussion,¢padX) will refer to a general ensemble, not o
necessarily one that is derived through bootstrap aggregation PpadX) = bZ\Cb%(X) (4)
(see below). -

Obviously, combining the output of multiple predictors  ynlike conventional cross-validation, stacking evaluates
is useful only if there is disagreement between them. Model g jinear combination of models rather than selecting the one
diversity can be introduced by (1) manipulating the input ith the smallest generalization error.
features (feature selection), (2) randomizing the training  Theoretical analyses of ensemble techniques have focused
procedure (over-fitting, under-fitting, training with different  on the bias-variance decomposition of learning eftét.
topologies and/or training parameters, etc.), (3) manipulating under this formalism, the prediction error of a learning
the response value (adding noise), or (4) manipulating the a|gorithm on a particular target function and training set size
training set. The latter has received the most attention, andegn be described as the sum of three non-negative terms:
three techniques have come to dominance: (1) bag§ing, (1) abiasterm, which measures how closely the learning
(2) boosting? and (3) stacking®2° algorithm’s average prediction (over all possible training sets

Bagging is an acronym for “bootstrap aggregation” and of the given training set size) matches the target, (2) a
was originally proposed by Breiman in connection to yariance term, which measures how much the learning
classification and regression tré€sThe method uses the  algorithm’s predictions will vary with respect to each other,
bootstrap, a very popular statistical resampling technique, and (3) thentrinsic target noisewhich represents the lower
to generate multiple training sets, which are used to train pound of the expected error of any learning algorithm as
the members of the ensemble. If the trainingBebnsists  dictated by Bayes optimality. Although Breiman originally
of N cases, each is assigned a probability &, Hnd anew  argued that both bagging and boosting work by reducing the
training set,Ts, is assembled by sampling with replacement variance tern#® Freund and Schapffesuggested that boost-

N times from the original training set, using these prob- ing also attempts to reduce the bias component since it
abilities. Some cases Imay not appear iffg, while others  focuses on ill-predicted examples. This was later confirmed
may appear multiple times. The resampled traininglges by Bauer and Kohav# who provided evidence that not only
used to train a predictor, the process is repeated, and thepoosting but also bagging as well can reduce the bias
results are combined to form a consensus prediction. Breimancomponent of the error. Still, it is widely accepted that both
found that bagging gave dramatic improvements when of these methods work primarily by reducing variance.
applied to classification and regression trees. Works that |n addition to the insight that it offers in understanding
study bagging in the context of neural networks include refs the sources of error, a significant advantage of the bias-
30—-32. variance decomposition is the existence offtias-variance

Boosting is a related technique that attempts to drive the tradeoff Usually, changing one aspect of a learning algorithm
test set error rapidly to zefd.Unlike bagging, boosting  will have opposite effects on the bias and variance. For
produces aeriesof predictors. The training set used for each example, as one increases the flexibility of a predictor (e.g.
member of the series is based on the performance of theby increasing the number of synapses in a neural network),
preceding predictor(s). The method creates new training setshe bias decreases but the variance increases. The optimal
by choosing patterns for which the predictions of the previous number of degrees of freedom is the one that balances the
predictors were bad more frequently than those for which tradeoff between bias and variance. Unfortunately, the
the predictions were good. Thus, boosting attempts to practical use of this theory in real-world applications is
produce new predictors for its ensemble that are able to makelimited by the fact that the function being learned is not
better predictions for patterns for which the current ensemble known a priori. In such cases, these quantities must be
performance is poor. As with bagging, the resampled training estimated from the available sample by e.g. holding out some
set is assembled using probabilistic selection, with the of the dat& resulting in a significant reduction in the amount
exception that the probability assigned to each sample of data available for training.
depends on the prediction error for that sample by the Although boosting and stacking were shown to outperform
existing ensemble. bagging on some data sétshagging is more stable in the

Stacking attempts to deduce the biases of the predictor(s)sense that it will always perform at least as well as an
with respect to the learning s&This deduction proceeds individual predictor, as long as the predictor is unstéble.
by generalizing in a second space using as input the Moreover, the method provides a simple mechanism for
predictions of the original predictors when taught with leave- computing confidence intervafsand is programmatically
one-out cross-validated partitions of the learning set and astrivial to implement. In this work, we provide a systematic
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study of bagging in the context of structuractivity cor- Table 1. Data Set Size and Neural Network Topology Used

relation and compare it to two alternative methods for  gata set N Mb Ke Hd ref
producing neural network ensembles using three classical™ yya 3 53 3 3 14
data sets from the QSAR literature. Although aggregation BZ 57 42 6 2 44
does offer clear advantages, we find that bagging is not the  PYR1 74 27 6 2 45
best possible choice and that simpler techniques such as PYR2 68 38 6 46

retraining with the full sample can o.ften produce superior aNumber of samples. Number of features in the original data set.
results. Of course, ensemble techniques are not the onlye nymber of features used in the modellumber of hidden neurons.

method designed to address instability. An alternative
strategy that is gaining momentum is to employ regulariza- . . ) .
tion theory®® Regularization attempts to convert an ill-posed the full sample, and (3) retraining with a partial sample, i.e.,
approximation problem to a well-posed one, by introducing & Subset of the original training data.

an auxiliary nonnegative functional that embeds smoothness Bootstrap aggregation or baggffigepresents the most
constraints on the inptbutput mapping. Regularization was Popular technique for constructing predictor ensembles.
introduced in the neural network community by Poggio and Bagging constructs the ensemble by training each predictor
Girosi® and was recenﬂy adopted by Burden and Winkler Oona random redistribution of the training set. This approach

for exploring structure-activity correlationg! is rooted on the bootstrap, a common statistical method for
estimating the variability of a statistic obtained from a finite
Il. METHODS sample of data. If the real universe from which the samples

are drawn is unknown or inaccessible, one needs to construct
Network Modeling and Cross-Validation. Our analysis ~ a proxy universe that embodies everything that is known
was based on three-layer fully connected multilayer per- about the real universe and which can be used to draw
ceptrons (MLPs), trained with the standard error back- samples from. One such resampling technique is to replicate
propagation algorithrft: The logistic transfer functior(x) the sample data a large number of times and create a proxy
= 1/(1 + e™) was used for both hidden and output layers. universe based entirely on the available samples. An indirect
Each network was trained for 300 epochs, using a linearly and more effective way to accomplish this is to sample with
decreasing learning rate from 1.0 to 0.01 and a momentumreplacement from the original sample. According to this
of 0.8. During each epoch, the training patterns were method, each training pattern is selected with a probability
presented to the network in a randomized order. In all cases,1/N each time, wherd\ is the total number of patterns in
the descriptor data were normalized to [0,1] prior to network the original sample. Many of the original examples may be
modeling. repeated in the resampled training set, while others may be
Following common practice, the quality of the resulting left out. The method constructs a proxy universe equal in
models was assessed usimgfold cross-validation and  size to the original sample and is, in effect, equivalent to
quantified using the cross-validated correlation coefficient, sampling without replacement from an infinitely large

Rev replicated universe.
The other two methods for constructing ensembles involve
Nz Y.V — Z Y, Z ¥; retraining with the full sample and retraining with a partial
= 5) sample, i.e., a subset of the original training set. The former
\/[NZ yZ - O yi)Z][Nz 92— o 971 generates multiple instances of the predictor by simply

retraining the neural network using a different initial set of

whereN is the number of training patterns, apdandy are synaptic parameters, capitalizing on the susceptibility of the
the measured and predicted activities of itecompound, back-propagation algorithm to the presence of multiple local
respectively. The latter was obtained by dividing the training minima. The latter introduces diversity by training each
data into disjoint groups comprised an patterns each, neural network with a randomly chosen subset of the training
systematically removing each group from the training set, patterns, in a manner similar to cross-validation. In this work,
building a model with the remaining cases, and predicting we used random subsets containing 90% of the original
the activity of the removed patterns using the optimized training patterns. As we discuss below, this number was
weights. This was done for each group of patterns in the chosen to be somewhere between the 100% coverage of
original training set, and the resulting predictions were simple retraining and the 63.2% (on average) coverage of
compared to the measured activities to determine their degreebootstrapping.
of correlation. Since cross-validation itself is known to be  Data Sets.The methods were tested on four well-studied
susceptible to the choice of initial parameters, each modeldata sets: antifilarial activity of antimycin analogues (AMA,),
was cross-validated 50 times in order to obtain reliable binding affinities of ligands to benzodiazepine/GABA
statistics and establish the true generalization capabilities ofreceptors (BZ}* and two sets of pyrimidine inhibitors of
the resulting models. The same cross-validation proceduredihydrofolate reductase (PYFeland PYRZ29). These data
was used for both individual networks and network en- sets have been the subject of extensive QSAR studies and
sembles. have served as a test bed for many feature selection

Aggregation. The most critical step in generating a neural algorithms. To allow comparison with previous neural
network ensemble is the construction of the individual network-based approaches, the number of input features and
predictors prior to aggregation. In this work, we examine hidden neurons were taken from the literature. These details
three different methods for constructing these predictors: (1) are summarized in Table 1. The parameters have been
retraining with a bootstrapped resample, (2) retraining with specifically chosen to minimize over-fitting by maintaining
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Table 2. Top Models Selected by the Artificial Ant Algorithin is compared to the critical value of tledistribution, Fet,
data set selected variables (names) and the P-value which represents the smallest level of
AMA _ NSDL8, MOFI_Y, LOGP, NSDL8, MOFL Z, LOGP, significance for which the observed sample information
MOFI_Y, LOGP, SUM_F becomes significant, provided the null hypothesis is true. The
BZ U7, 77, Om7, MRy, Ry, pto 7, 717, F7, MRy, Op1, Oma, results are summarized in Tables 9. Inspection of these
Uz, 707, F7, MRy, Oma, 76 results leads to several interesting observations.
PYR1 szg Fls, Hg, TTA3, SZs, HAs, Hds, TTAs, FLs, PO, (1) Regardless of the method used to construct the base
Zs, HAs, SZs, FLs, TTA3, SZs, Hds, HAs o
PYRZ MW, VOL MW_3,P_CH_2, P_CH_4, P_CH_SUM models, the average generalization error of the network

ensembles is always lower than that of the individual
a2 See ref 23 Features selected by the ANFIS system described in predictors (lower generalization error is manifested by a
ref 46. higherRey), and the same is true for the standard deviation.
This means that ensembles are more stable and less sensitive
a favorable ratio between the number of training cases andto the choice of the validation set, which is consistent with
the number of freely adjustable parameters in the mddel. the results reported by other authors.
To ensure that the results do not depend on a particular choice (2) For ensembles constructed by retraining with the full
of descriptors, we examined three different models for each sample (rows labele& in Tables 3-6), the improvement
data set, comprised of the subsets of features that produce®f aggregation is consistent but relatively small (no more
the highest cross-validation scores in a related study of athan 0.01 on théRcy scale). The same is true for models
novel feature selection algorithm based on artificial #nts constructed with partial samples (P).
(Table 2). (3) In most cases, there is no statistically significant
Implementation. All programs were implemented in the differencg in generalizaj[ion performance between ensembles
C++ programming language and are part of the Directed- Framed with full and partial sar_nples (see column labeledPF _
Diversity*’ software suite. They are based on 3-Dimensional in Table 9). The only exceptions were the TOP3 model in
Pharmaceuticals’ M+ class librarg® and are designed to ~ PYR1 where the full sample ensemble was better than the
run on all Posix-compliant Unix and Windows platforms. Partial sample one by 0.0F&y units, and, to a lesser extent,
All calculations were carried out on a Dell Inspiron 8000 the TOP1 model of PYR2 where the difference was margin-

laptop computer equipped wita 1 GHz Pentium IV Intel  ally significant. Conversely, significant differences between

processor running Windows 2000 Professional. bootstrapped and nonbootstrapped ensembles were observed
for three sets of models (AMA TOP2, PYR1 TOP1, and
lIl. RESULTS AND DISCUSSION PYR1 TOP3) and to a lesser extent for AMA TOP2, BZ

TOP1, BZ TOP3, and PYR2 TOPL1. The only case where

Our main goal was to determine whether bagging offered bootstrapped ensembles performed better than nonboot-
any significant advantages compared to the two alternative strapped ones was the AMA TOP2 model, but the difference
retraining schemes. Five factors that could affect the resultswas relatively modest (0.00Rcy units). In all other cases,
were examined: (1) the nature of the chemical compoundsnonbootstrapped ensembles were favored, sometimes by a
and the biological assay, (2) the nature of the input wide margin (as high as 0.05 on tRey scale).
descriptors, (3) the flexibility of the model, (4) the size of (4) The gains from aggregation are most impressive for
the ensemble, and (5) the nature of the cross-validationindividuals trained with bootstrap resamples (B), sometimes
procedure. The results for the AMA, BZ, PYR1, and PYR2 reaching as high as 0.04 on tRey scale. This difference is
data sets are summarized in Tables63respectively. These to a large extent due to the drop in the generalization
tables list the mean and standard deviation of the cross-performance of the respective base networks, which for the
validated correlation coefficientdRcy, obtained from 50 PYR1 data set can degrade by as much as B&8units.
independenn-fold cross-validation runs of the three best Thus, whatever advantages are afforded by aggregation are
models discovered by the artificial ant feature selection lost due to the deterioration of the underlying models.
algorithm described in ref 23. Though this procedure was Conversely, the minimal gains afforded by simple retraining
computationally intensive, it was necessary in order to ensurewith full or partial samples reflect the substantially lower
that the results would reflect the true generalization ability diversity of the constituent models, as manifested by the
of the models and would not be an artifact of a particular variances of their generalization errors.
arbitrary shuffling of the training data. Each table is divided  (5) The features that are employed by the model can have
into three sets of rows marked as F, P, and B, which standa significant impact on the effectiveness of bootstrapping as
for retraining with the full sample, a partial sample, and a a means of constructing ensembles. This is most evident in
bootstrapped resample, respectively. the PYR1 data set, where the difference between bootstrap

To ensure that our interpretation of these results accountedresampling and full sampling for the first and third model
for the variability in the observed data, the effects of model, (TOP1 and TOP3, respectively) differ by0.04 Rcy units,
number of hidden units and ensemble size on the cross-whereas for the second model (TOP2) it is statistically
validated correlation coefficienRcy, were examined using  insignificant. In all other cases, the effects are similar across
single-factor ANOVA (analysis of variance), ANOVA is a the various models.
well-established statistical technique that attempts to test the (6) The choice of the cross-validation methodology has
null hypothesis that two or more means are equal, by no qualitative effect on the relative merits of bootstrapping
comparing the variation observed within each category versus the full sampling and partial sampling procedures. In
against the one observed across the entire sample. The kewll cases, 1-fold and 10-fold cross-validation produced similar
parameters of an ANOVA study include tRestatistic which results for the top model. Not surprisingly, the former
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Table 3. Cross-Validated for Individual Networks and Network Ensembles for the AMA Data Set

TOPR TOP2 TOPZ
net bag net bag net bag
method model§ hidden’ CV¢ u(Rev)" o(Rev) u(Rev)! o(Rev)* u(Rev)” o(Rev) u(Rev)! o(Rev)* u(Rev)" o(Rev)' p(Rev)! o(Rev)*
B 10 3 1 0.7642 0.0396 0.801 0.013
B 10 3 3 0.7517 0.0513 0.7901 0.0217 0.7909 0.035 0.8181 0.014 0.7804 0.0404 0.8187 0.0144
B 10 5 3 0.7598 0.0454 0.7971 0.016
B 10 7 3 0.753 0.0496 0.7913 0.0184
B 15 3 3 0.7547 0.0518 0.797 0.0171
B 5 3 3 0.7616 0.0457 0.7947 0.0205
F 10 3 1 0.792 0.0104 0.7954 0.003
F 10 3 3 0.7896 0.0168 0.7932 0.013 0.8078 0.0121 0.809 0.0105 0.8142 0.0155 0.8205 0.0092
F 10 5 3 0.7787 0.0183 0.7813 0.0157
F 10 7 3 0.7745 0.0186 0.7766 0.0165
F 15 3 3 0.7899 0.018 0.7934 0.0147
F 5 3 3 0.7873 0.0162 0.7904 0.0134
P 10 3 1 0.7847 0.0177 0.7928 0.0049
P 10 3 3  0.7793 0.0237 0.7879 0.0141 0.8003 0.015 0.8052 0.0096 0.8101 0.0199 0.814 0.0113
P 10 5 3 0.7705 0.0243 0.7784 0.0161
P 10 7 3 0.7646 0.0238 0.7729 0.013
P 15 3 3 0.7739 0.0277 0.7834 0.0175
p 5 3 3 0.7757 0.0264 0.7839 0.0162

aModels derived from features NSDL8, MQEY, and LOGP.? Models derived from features NSDL8, MQEE, and LOGP ¢ Models derived
from features MOFLY, LOGP, and SUM_F. ¢ Method used to construct the ensemble (B: bootstrapping; F: full sample; P: partial sample).
€ Number of models in the ensembléNumber of hidden neuron8 Size of cross-validation seh {n leaven-out cross-validation)? Mean cross-
validatedR of individual networks over 50 cross-validation ruh§tandard deviation of cross-validatBdof individual networks over 50 cross-
validation runs! Mean cross-validateR of network ensembles over 50 cross-validation rifritandard deviation of cross-validatBabf network
ensembles over 50 cross-validation runs.

Table 4. Cross-ValidatedR for Individual Networks and Network Ensembles for the BZ Data Set

TOPER TOP2 TOPZ
net bag net bag net bag
method model$ hidden’ CVO u(Rev)" o(Rev) u(Rev)! o(Rov) u(Rev)' o(Rov) u(Rov)! o(Rev) u(Rev)” o(Rev) u(Rev)! o(Rev)*
B 10 2 1 0.8606 0.0237 0.8945 0.0057
B 10 2 5 0.8556 0.0265 0.8901 0.01 0.8521 0.0303 0.892 0.0093 0.848 0.03 0.8883 0.0108
B 10 4 5 0.8687 0.0255 0.9032 0.0093
B 10 6 5 0.8754 0.0244 0.9069 0.0078
B 15 2 5 0.8567 0.0295 0.8951 0.0093
B 5 2 5 0.8557 0.03 0.8886 0.0093
F 10 2 1 0.8896 0.0089 0.8982 0.0032
F 10 2 5 0.8863 0.0122 0.8948 0.0086 0.8836 0.0135 0.8934 0.0089 0.8848 0.0137 0.8946 0.0098
F 10 4 5 0.8987 0.0107 0.9069 0.0064
F 10 6 5 0.9037 0.01 0.9095 0.0066
F 15 2 5 0.8873 0.0125 0.8961 0.0085
F 5 2 5 0.8864 0.0124 0.8937 0.0095
P 10 2 1 0.8869 0.0105 0.8981 0.0035
P 10 2 5 0.8829 0.0133 0.8948 0.0074 0.8784 0.0155 0.892 0.0095 0.8795 0.0158 0.8934 0.0078
P 10 4 5 0894 0.014 0.9062 0.0078
P 10 6 5 0.899 0.0121 0.9085 0.0078
P 15 2 5 0.886 0.0129 0.8978 0.0074
P 5 2 5 0.8853 0.0135 0.8956 0.0087

aModels derived from features;, 777, omz, MRy, Ry, andu,. ® Models derived from features;, r7, F7, MRy, 0p1, andom. © Models derived from
featuresuz, 7, F7, MRy, omp, andms. ¢ Method used to construct the ensemble (B: bootstrapping; F: full sample; P: partial sarhalejber of
models in the ensembléNumber of hidden neuron8.Size of cross-validation sem {n leaven-out cross-validation)? Mean cross-validate® of
individual networks over 50 cross-validation ruh§tandard deviation of cross-validatBdf individual networks over 50 cross-validation runs.
I Mean cross-validateR of network ensembles over 50 cross-validation rdir&andard deviation of cross-validatBabf network ensembles over
50 cross-validation runs.

produced slightly lower generalization error estimates than significant, the direction and magnitude depends on the
the latter, for both the individual networks and their particular data set and the extent of over-fitting induced by
ensembles. To minimize the computational burden associatedhe increased flexibility of the underlying models. For the
with our intense validation procedure, all subsequent studiesAMA data set, increasing the number of hidden nodes
were restricted to 10-fold cross-validation. decreases generalization performance, whereas the opposite
(7) The ANOVA results suggest that there is a very strong is observed for BZ and PYRL1. In the case of bootstrapped
interaction between the generalization performance and theresamples, generalization performance increases with in-
number of hidden units for the nonbootstrapped samples (Fcreasing number of hidden units for BZ and PYR1 but
and P, respectively). While the effect is statistically very remains statistically unchanged for AMA. These results seem
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Table 5. Cross-ValidatedR for Individual Networks and Network Ensembles for the PYR1 Data Set

TOPER

TOP2 TOPZ

net bag

net bag net bag

method model§ hidden’ CV9 u(Rev)" o(Rev) u(Rev)! o(Rov)k u(Rov)' o(Rev) u(Rev)! o(Rov)k u(Rov)! o(Rev) u(Rev)! o(Rev)*

B 10 2 1 0.7244 0.055 0.7646 0.0152
B 10 2 7 0.7164 0.0592 0.7561 0.0236 0.7259 0.0472 0.7713 0.0138 0.6786 0.0768 0.7305 0.0289
B 10 4 7 0.7408 0.0495 0.779 0.0167
B 10 6 7 0.7421 0.0501 0.7776 0.0134
B 15 2 7 0.7185 0.0586 0.7596 0.0216
B 5 2 7 0719 0.0588 0.7559 0.0232
F 10 2 1 0.7943 0.0191 0.8009 0.0062
F 10 2 7 0.7955 0.0247 0.8024 0.0128 0.7633 0.0304 0.7745 0.0184 0.7602 0.0473 0.7735 0.0171
F 10 4 7 08077 0.0223 0.8136 0.0115
F 10 6 7 0.8164 0.0206 0.8208 0.0129
F 15 2 7 0.7943 0.0283 0.8017 0.0137
F 5 2 7 0.7945 0.0263 0.8004 0.0156
P 10 2 1 0.7937 0.0281 0.806 0.0087
P 10 2 7 0.79 0.0354 0.8037 0.0149 0.7571 0.0324 0.7734 0.0179 0.7374 0.0578 0.7586 0.0235
P 10 4 7 0.8023 0.0288 0.8142 0.0134
P 10 6 7 0.8111 0.031 0.8213 0.0164
P 15 2 7 0.7912 0.0372 0.8045 0.0166
P 5 2 7 0.7944 0.0277 0.8035 0.0149

aModels derived from features $ZLs, Hds, ITA3, SZs, and HAs. ® Models derived from features Hd1As, FLs, PQ,, SZ, and HA. ¢ Models

derived from features SZFLs, I1A3, SZs, Hds, and HAs. ¢ Method used to construct the ensemble (B: bootstrapping; F: full sample; P: partial

sample).c Number of models in the ensemblédumber of hidden neurong Size of cross-validation set {n leaven-out cross-validation)! Mean
cross-validatedR of individual networks over 50 cross-validation ruhStandard deviation of cross-validat&dof individual networks over 50
cross-validation rund.Mean cross-validate® of network ensembles over 50 cross-validation rifri8tandard deviation of cross-validat&dof

network ensembles over 50 cross-validation runs.

Table 6. Cross-ValidateR for Individual Networks and Network
Ensembles for the PYR2 Data Set

suggesting that~10 models would be sufficient for good
generalization. A weak interaction was observed in the BZ

TOPE and PYR2 bootstrapped ensembles, which is probably due
net bag to the relatively greater diversity of the underlying models.
method models hidde! CVe u(Rev)' 0(Rev)® #(Rew)" o(Rev) We n_eed _to pplnt out, however, that the ensemble sizes
5 T o T 07655 0030 08171 ool examined in this study are smaller that those typically used
B 10 10 7 07565 00333 0809 00136 Py other researchers, particularly in connection with clas-
B 15 10 7  0.7605 0.0329 0.8162 0.014 Sification and regression trees. This reflects practical con-
B 5 10 7 076  0.0305 0.8057 0.016 siderations and was dictated by the computational require-
E 18 ig % 8-3%32 8-82% 8-2%2 8-82?2 ments of neural networks and the intensive nature of our
F 15 10 7 08044 00191 08131 0016 cro;s-yalldatlon p_roced_ure. Although we cannot draw any
= 5 10 7 0809 00151 0.8163 0.0126 definitive conclusions, it appears doubtful that larger en-
P 10 10 1 0.8042 0.0131 0.8179 0.0046 sembles can lead to any noticeable improvements in gener-
§ ig ig ; 8-;3;; 8-8%613 8-319& 8-812; alization performance. This finding is consistent with
P 5 10 7 07981 00198 08104 00144 Previousempirical evidencd.

aModels derived from features MW, VOL, MW3, P_CH_2,
P_CH_4, and P_CH_SUM. P Method used to construct the ensemble
(B: bootstrapping; F: full sample; P: partial samplelNumber of
models in the ensemblé Number of hidden neuron8Size of cross-
validation set i in leaven-out cross-validation).Mean cross-validated
R of individual networks over 50 cross-validation rudstandard

These results can be easily rationalized using Krogh and

Vedelsby’'$® theoretical framework for analyzing neural

network ensembles. Let us define tmbiguityof a single
member of the ensemble on a prediction for a patteyy)(
as

deviation of cross-validateR of individual networks over 50 cross- oy (X) = (Pp(x) — ¢bag(x))2 (6)
validation runs" Mean cross-validate® of network ensembles over
50 cross-validation runsStandard dev_iatiqn of cross-validatdof and thegeneralization erroras
network ensembles over 50 cross-validation runs.
2
X) = X) — 7

to suggest that for the AMA data set the architecture used &) = () —Y) 0
in the original study_vyas pru_dently ch_osen. Convgrsely, for Similarly, we can define thensemble ambiguitgs
BZ and PYR1 additional hidden units lead to improved
generalization performance both at the individual and the 18
ensemble levels, though the difference is relatively small. UpagX) = — Z(q&b(x) - gbbag(x))2 (8)

(8) Finally, the size of the ensemble does not appear to B =
have a significant impact on its performance, at least for the o
range examined in this work. The differences between 5, @nd theensemble generalization erras
10, and 15 models were in most cases statistically insignifi- )
cant, or barely significant but marginal in magnitude, EhadX) = (PpadX) — ) (
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Table 7. ANOVA Analysis (Fixed Main Effects Model at the 0.05 Significance Level) of the Effects of the Method Used To Construct the

Ensemble on the Generalization AbilitiRcy

B-F B—P® F—P°
data modée! F Ferit P-value  signif F Ferit P-value  signif F Ferit P-value  signif
AMA  TOP1 0.709 3.938 0.402 0.362 3.938 0.549 3.681 3.938 0.058
TOP2 13.073 3.938 5.0D4 * 28.411 3.938 6.3E07 e 3.682 3.938 0.058
TOP3 0.525 3.938 0471 1.002 3.938 0.319 0.167 3.938 0.684
BZ TOP1 6.524 3.938 0.012 * 7.184 3.938 0.009 * 0.001 3.938 0.971
TOP2 0.609 3.938 0.431 0.001 3.938 0.976 0.543 3.938 0.463
TOP3 9.087 3.938 0.003 * 7.061 3.938 0.009 * 0.464 3.938 0.497
PYR1 TOP1 145653 3.938 4.3R1 ok 142.504 3.938 8.2E21 e 0.219 3.938 0.641
TOP2 0.976 3.938 0.326 0.426 3.938 0.516 0.096 3.938 0.757
TOP3 80.423 3.938 2.1Fl4 ok 27.914 3.938 7.7E07 i 12.935 3.938 5.0E04 o
PYR2 TOP1 7.236 3.938 8.6803 * 0.571 3.938 0.452 4891 3.938 0.029 *

2 Comparison of methods B (bootstrapping) and F (full sampl€pmparison of methods B (bootstrapping) and P (partial sanfp@)mparison
of methods F (full sample) and P (partial sampkeylodel examined (for description, see Tables63. ¢ Flag indicating whether the difference
between the means is statistically significant (numbers of stars indicate the relative strength of the statistical significance).

Table 8. ANOVA Analysis (Fixed Main Effects Model at the 0.05 Significance Level) of the Effects of the Number of Hidden Units on the

Generalization Ability,Rcy

B2 o Pe

data modél F Ferit P-value  signif F Ferit P-value  signif F Ferit P-value  signif
AMA  TOP1 1913 3.058 0.151 15,573 3.058 73w i 13.605 3.058 3.8E06 s
BZ TOP1  46.678 3.058 2.GEL6 ok 58.818 3.058 5.3E19 ik 44908 3.058 6.0E16 ik
PYR1 TOP1 23.86 3.058 1.199 ok 27.536 3.058 7.0E11 ok 17.23 3.058 1.9-07 i

a Bootstrapping method.Full sample methodt Partial sample method.Model examined (for description, see Tables63. ¢ Flag indicating
whether the difference between the means is statistically significant (numbers of stars indicate the relative strength of the statistaate)jgnific

Table 9. ANOVA Analysis (Fixed Main Effects Model at the 0.05 Significance Level) of the Effects of Ensemble Size on the Generalization

Ability, Rey
B2 P P
data modé! F Ferit P-value  signif F Ferit P-value  signif F Ferit P-value  signif
AMA TOP1 1539 3.058 0.218 0.741  3.058 0.478 1.162  3.058 0.316
BZ TOP1 6.301  3.058x 0.002 * 0.894  3.058 0.411 1912 3.058 0.151
PYR1 TOP1 0.404  3.058 0.670 0.24 3.058 0.787 0.06 3.058 0.941
PYR2 TOP1 6.602  3.058 0.002 * 0.805  3.058 0.449 1.312 3.058 0.272

a Bootstrapping method.Full sample method: Partial sample method.Model examined (for description, see Tables63. ¢ Flag indicating
whether the difference between the means is statistically significant (numbers of stars indicate the relative strength of the statistaate)jgnific

The ensemble ambiguitypadX), measures the diversity

If we now define the average ambiguity of thah

of the ensemble, i.e., the extent to which the models in the predictor over the entire distributio® from which the
ensemble disagree on their predictions for a single patternsamples are drawn as

(%, y). If we average over the entire test set, we obtain

I 2
&x) = 5 bZ\(qbb(X) y)
158 )
= E t;(‘ﬁb(x) ~ PpadX) T PpadX) —Y)

1 B
=5 k;(qsb(x) ~ BoadX)’ T (Bragd® —¥)° (10)

A, = [dxP(x)o,(x) (13)
and the generalization error as
Ep= [ dxP(x)e,(x) (14)

and if we denote the average ambiguity and generalization
error across the entire ensemblefasnd E, respectively,

then we can define the average ensemble generalization error
overP as

E= [ dxPX)eadX) (15)
which, using egs 8 and 9, can be rewritten as ]
and by virtue of egs 11 and 14
e(X) = abag(x) - 6bagp() (11) E= E _ A (16)
or Equation 16 is a valuable expression that relates the
B average ensemble generalization error to the diversity of the
Ebaax) =8X) — abag(x) (12)

ensemble. According to this expression, an ideal ensemble
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consists of highly accurate predictors that disagree as muchthe reader should remember that the theory of how, why,
as possible. Indeed, eq 16 asserts that increasing diversityand when these methods work is still in its infancy.

(A) will improve the generalization performance of the

ensembles long aghe average generalization performance ACKNOWLEDGMENT
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